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Abstract

The individual utopian preference and the group utopian preference on a set of alternatives, and the concept of the utopi-

an preference mapping from the individual utopian preferences to the group utopian preferences, based on the utopian points of the corre-

sponding multiobjective optimization models proposed by decision makers are introduced. Through studying the various fundamental prop-

erties of the utopian preference mapping, a method for solving group multiobjective optimization problems with multiple multiobjective op-

timization models is constructed.
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Group multiobjective optimization is a new inter-
disciplinary field of group decision making and multi-
objective optimization. It combines quantitative and
qualitative methods in the study of multiobjective op-
timization problems with multiple decision makers.
Its theory and method has important applications in
decision making processes in our modern society.
From the 1980’ s, group multiobjective optimization
problems based on one-multiobjective-optimization
model shared by all decision makers with different in-

dividual preferences have received wide

[1-3]

atten-
tion Later, multiobjective optimization prob-
lems based on multiple-multiobjective-optimization
models proposed by different decision makers have al-
so been studied™™"!. The usual method for handling
these two types of problems is to introduce appropri-
ate utility functions, thereby transforming the prob-
lem into a single objective optimization problem, and
at the same time aggregating individual preferences
into a group preference. Because this traditional
method usually transforms a group multiobjective
problem into a usual numerical optimization problem,
it in general can only obtain one optimal solution to a
problem in some particular sense with regard to the
group of decision makers.

For a group multiobjective optimization problem
with different multiobjective optimization models,
this paper defines the concepts of individual utopian
preference and group utopian preference using the dis-

tance between the objective point of alternative and
the utopian point of the multiobjective optimization
problem given by decision makers. After discussing
the fundamental properties of the utopian preference
mapping from individual utopian preferences to group
utopian preference, we construct a group sequencing
method for all alternatives in group multiobjective op-
timization problems.

1 Model and utopian preference

Let G={DM,, -, DM} (1222) be a group of
decision makers, and DM, (r =1, -, [) be the rth
decision maker. Now consider the group multiobjec-
tive optimization problem:

G-1V - gleig(lf‘(r),m, A rineiyl(z)i,

(GVP)
where X = {z!, «+, 21 (s2=3) is a set of alterna-
tives, and

V- rIneiQf’(x) (r =1,-,1) (VP),

is a multiobjective optimization model given by DM, ,
and f : X—>R"" is the corresponding vector objective
function. Let f"(x)=(fi(x), ", f;r(x))T(r =1,
-+, 1) and denote
}: = rrréiglf,:(r), k=1, m,; r=1,-,1.
Then
Frla) = (Flon fo)h r=101
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is the utopian point of the multiobjective optimization
problem (VP),.

Denote the norm of Euclidean space R™ as
” .Hlllr(r:]‘,‘..’l)'

Definition 1. Let R,, P, and I,(r =1, ---, )
be binary relations on the set X'®!, and F bea utopi-
an point of (VP),. For any 2!, 7/ € X, define

() 2RI ()=,
<l =71,

() 2P| ()= F
< ” f‘r<‘1_;) __?r ” m,,

(i) 2T/ || (=) =7 |l
= H j*r(l‘/)_}“r “ m_

Then we call R,, P, and I, utopian preference, strict
utopian preference and utopian indifference of DM,
on X respectively.

Theorem 1. Suppose R, is a utopian preference
of DM,(r=1,--,1) on X.

(i) For any r', 27, IkEX, if I"R,\r", ﬂRrrk,

then ='R,x%.

(ii) For any ', 2 € X, 'R or 'Rz
holds, or both hold.

Proof. (i) Since 'R+, xRz, by Definition
1(1), we have
ey =7, < ) =7l
and !
Py =l < H ) =71,
hence || f7(z") — f7 | ’"r< £ () =7 |l m » that

18, ;r"R,.rk.
(ii) Immediately from Definition 1(i).

!

Definition 2. Let 2, =0(r=1,,1), > 3, =

i=1
[, x€ X, and f” be a utopian point of (VP),. Then
we call
H
D(z) = 220 ) =7 Il
=1

the utopian distance of G at point . Let R, P and

I be binary relations on the set X, and for any r',
€ X, define

(i) 'Rz’ if and only if D(x)<<D(+),
(ii) 2'P«’ if and only if D(x')<D(Z),

(iii) 'L’ if and only if D(z') = D(+).
Then we call R, P and I utopian preference, strict
utopian preference and utopian indifference of G on
X, respectively, and R and (P, I) correspond to
each other.

Definition 3. et R,(r=1,+,/) and R be u-
topian preferences of DM, and G on X, respectively,
and let S be a subset of X.

(DD UA(S)={7€ES|7Rx, Vr €S} (r=1,
"+, 1) is called the utopian optimal set of DM, on S,
and £ € U,(S) is called utopian optimal solution of
DM, on S.

(i) U(S)=1r € S|7Rzx, Y € S| is called
the utopian optimal set of G on S, and #€ U(S) is
called utopian optimal solution of G on S. Specially,

we call # € U(X) the utopian optimal solution of the
problem (GVP).

Theorem 2. Suppose the set SCX.
!

(i) NU(S)CU(S).
r=1

(i) If U(S)#, then U(S)= NU(S).
r=1 1

!
Proof. (i) For any z € (U,(S), by Defini-
r=l

tion 3(i) and 1(i)~, we have )
1FCE) Tl < 7Y 77
V€S, r=1,-,1.

According to Definition 2, we have

D(@)= 20 (&)~ F 1,

< 2A @) -F 1, = D,

Vr €8,
that is,
iRz, Vr € S.
Therefore, &€ U(S) by Definition 3(ii).

(ii) It is sufficient to show that U (S)C

{
ﬂU,(S) . Now to the contrary we assume that
r=1

H
there exists some £ € U(S) and # & (NU,(S), then
rel
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by Definition 3(ii) and 2(i), we have
D)< D(z), Yz €S. (1)

!

And by the assumption we have some 7 € ﬂ U,(S)

r=1
# (B, and f#f,fhat is, )
b5 = F o < I ) = F
Yr €S, r=1,-,1
from Definition 3(i) and 1(i). Specially, for # € U(S)
S, we have ~ ~
1772 =Pl < I ) - F s
r=1,-,1. (2)
{
Now since 7 & ﬂU, (S), there exists some
r=1

#€ 11, -, 1} such that Z& U;(S), but £ € U.(S)
and  # X, hence ZP;Z. By Definition 1 (ii), we
have
HFE) =l < 1@ =F
Thus, by Eq.(2) and Definition 2, we obtain
D(z) < D(z),
which contradicts (1).

2 Utopian preference mapping

In this section, we introduce a mapping from in-
dividual utopian preferences of decision makers to the
group utopian preference.

Definition 4. Let R, be the utopian preference
of DM, (r=1,--,1) on X, and R be the utopian
preference of G on X, the mapping U:{Ry, -, R,!
>R is called the utopian preference mapping on X,
and is denoted as R = U(R,, ", R;).

Definition 5. Let f" be the vector objective
function of (VP), proposed by DM, (r =1, ---, ).
Then the vector objective functions { !, ---, f'} is
called a multiobjective intercepting surface of G on
X, and is denoted as [ f*, -, f']x. And the utopian
» R; 1 determined by f (r =1,
--+, 1) under Definition 1(i) is called a utopian prefer-
ence intercepting surface corresponding to [ f*, -,
f'1x of G on X, and is denoted as [Ry,, R,/ )x.

preferences | Ry, -

Following are some fundamental properties of the
utopian preference mapping.

Theorem 3. Let R = U(Ry, -, R;).

(i) For any ', &/, 2*€ X, if £'/Re, Rz*,
then z'Rz*.

(ii) For any 7', @ € X, r'Rx’ or 2Rz’ holds,

or both hold.

Proof. (i) By Definition 2(i), 'Rz’ and £’Rz*
imply
D(z') < D(&) < D(2%),
which means z'Rz*.

(ii) Immediately from Definition 2.

Now suppose [ f1, -+, f'1x and [ £', -, £ Ix

are two multiobjective intercepting surfaces of G on

X, and [Ry, =+, R/ 1x and [R,, -, R, Ix are the
corresponding utopian preference intercepting sur-
faces.

Theorem 4. Let R = U(Ry, -, R;), R’ =
U(R;,*, R,), the set SCX, and denote U, (S)
|#€SIZRz, V€ SI(r=1,-,1) and U'(S)
€ SRz, Vz€S|. If

U(S) = UAS), r=1,,1,
then U(S)=U'(S).

Il

Il

Proof. For any 7 € S, since U,(S) = U;(S)
(r=1,-,1), by Definition 3 (i), we have
fRx©iRz, Yz €S, r=1,-1.
According to Definition 1(1), that is
7 -F I
SUF - F lwel £ @ =F 1
<UF -7 1,
Yz€S, r=1,-,1,

therefore

D(#)= 234, I f1(2) = F I )
< er lf(z)=fllm =D(x)

SD(

ST

)= DA @ = F

< DAl (@) -7 W = D'(2),

r=1

Vx €S.
Thus, by Definition 2 (i), we have
IRx&FR'x, VY € S,

hence we have U(S)=U"(S).

Theorem 5. For any /', © € X(i,j=1, -,
5), there exists a multiobjective intercepting surface
[FL, -, F'1x of G on X, such that the correspond-
ing utopian preference intercepting surface [ Ry, ***,
R, ]x generates a preference R = U(R,, -+, R;) sat-
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isfying
*'Pr’,

where P corresponds to R .

Proof. For any 1', ' € X, we choose [ f!, -,
F'1x such that
17 ) = F o < N7 = F s
r = 1’...,1,

and at least one of them is “<”, then we have

Plry= a7 =7

< DA NF ) - Frll, = D).

Therefore, according to Definition 2 (ii), we obtain
xPs!.

Theorem 6. Let R = U (Ry, -, R;), and
P.(r=1,-+,1) and P correspond to R, and R re-
spectively. Then there exists no z € {1, 2, -, [},
A E/\,, such that

rer

+Pa’'=>7'Pr, VYi, P€X.

Proof. For any r', © € X, equivalently we
show that there exists f"{(r =1, -+, 1, r#¢) such
that [R(, ", R, -, R;]x corresponding to (A,
F, o, fY ]y generates R = U(Ry, -+, R;) which sat-

isfies /Ra’.

In fact, x'P,x’ means, by Definition 1 (ii),

L = ol < @) = 1l (3)
Now we choose f"(r=1,+,1, r7t) such that
177G =7 = ) = F

= ) -l = 1A =71, >o0.
Since A, ZA, and (3) hold, we have

D(z) - D(&)
DIE AE Dl I

!
-

ST R CO i

r=1

DAL =l - ) =7 ]

rEt

PG =T = G = F ]
EA;—[ H fl(lj) _}’ H m, - H ft(»ri) _}t H ml]

ety

AL A = F L, = D) =7,
(A =A@ =l

et

i

A -0,
which means ’Rx’ by Definition 2(i).

From the above Theorem 3 — Theorem 6, we
know that the utopian preference mapping U: { R,
-+, R, =R satisfies the properties tantamount to Ar-

(9]

row’s axioms' ', except the consistency axiom. The

condition A,<< EA, in Theorem 6 means the weight
&G

of decision maker DM, can not exceed the sum of oth-
er decision makers’ weights. Otherwise, DM, will
become a dictator.

3 Utopian preference method

Since a utopian preference mapping possesses the
main properties of reasonable group decision making,
we would like to make use of it by giving out a prefer-
ence sequencing method of alternatives for the group
multiobjective optimization model (GVP).

(i) Calculating objective point. For (VP), pro-
vided by DM, (r =1, -, 1), calculate the objective
values at all alternatives ' € X (i =1,,s), f,(z')
(k=1,,m,;r=1,+-,1) to obtain the correspond-
ing objective points:

£ = D, i (DT r = Lt

(ii) Finding the utopian point. Find the utopian
(optimal) value of each objective,

fi = minfy (£), & =1,

s,y ro= 1,1,

to obtain the utopian point of each (VP),:

}f: (]I, -“’}‘;7)"" r=1, 1.

(iii) Calculating the utopian distance. Determine
the weight coefficient 1,220 for each DM, (r =1, -,

l
{) and make sure E A,=1, and for any t € {1, -,

r=1

i, A< 2/1,. For some kind of norm || *1,, in
LEal] "

R™r, calculate the utopian distance of G at x':

D(z') = Z/\r | F(z) - ]7’ I s i =1, 5.

(iv) The utopian preference sequencing. For &'
EX(i=1,"-,5), if
D(F) < D(E"Y), =1, 1,
then we obtain the utopian preference sequencing:
F!RF’R - R3*

for the alternatives.
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Theorem 7. Suppose [ f*, -, f'1x is a multiob-
jective intercepting surface of G on X, and [Ry, -,
R,]x is the corresponding utopian preference inter-
cepting surface. Let R = U(R,, -, R;), and let P
be the strict utopian preference corresponding to R.

(i) For ', £ € X, if D(£)<D(4’), then
TRy .

(ii) For ', Z € X, if D(z)<D(4), then
Py .

(iii) For 7€ X, if D(#)<XD(x)(Vx € X),
then 7€ U(X).

Proof. (i) Immediately from Definition 2 (i).
(ii) Immediately from Definition 2 (ii).
(ii1) Since
D(z) < D(x),
by Definition 2 (i), we have
Vx € X,

which results in # € U(X) immediately from # € X
and Definition 3 (ii).

Vr€ X,

ZR«x,

From this theorem, we know, for a group mul-
tiobjective optimization problem (GVP), according to
the utopian preference method, a group preference se-
quencing can be constructed for all alternatives by the
utopian distance. Specially, Z!is just the utopian op-

timal solution of (GVP).

Example. Let G = {DM;, DM,, DM3! be a de-
cision maker group. Now we consider a group multi-
objective optimization problem:

G- | V—rrréig}fl(x), V—gggfz(x), V—r;éig}ﬁ(x)l,
(4)

where the set of alternatives X = {z! =2, 2% =1,
7°=3}, and the vector objective {unction for the 3
decision makers is f1(x)=Qzx,1 -z, 227", f(z)
=(zr,2z-DTand FA(z)=(-z,x+1,1-22)T.
Now we give out the preference sequencing of alterna-
tives for the group multiobjective optimization prob-
lem by utopian preference method as follows:

(i) Calculating objective point. Obviously we
have
A= -1,87, A2 =02,3)T,
Ll =(-2,3,-3)7;

A =2,0,D)7, AP =,17,
FleH)=(-1,2,0)T;

A =06, -2,9T, A(H=@3,5T,
£PH=(-3,4, -8T. (5)

(i1) Finding the utopian point. From (5) we can
find the utopian {optimal) value of each objective is
=@, -2, )7, =07,
=(-3,2,-8".

(iii) Calculating the utopian distance. Suppose
the weight coefficient A, =1/3 for each DM, (r =1,

*|,, in R™,

[ 2 2
”y” m: y1+”'+ym, fory:(y19'“9 ym)Ty

we can calculate the utopian distance of G at z' (i =

1,2,3) as
D(z') =%[ J1a+J/5+ /271=3.7247,

2,3), and for the normal norm ||

D(12)=%[ﬁt+0+ J681=3.4154,

D(ﬁ):%[ J16 + /20 +/41=3.4907.

(iv) The utopian preference sequencing. Since
D(22)<D(2*)<D(z'), we have utopian prefer-
ence sequencing r>Rz>Rx!(in fact x?Pz>Px!).
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